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Abstract 

In this note, we develop a condition on a closed curve on a surface or in a 3-manifold that implies 
that the curve has the property that its length function on the space of all hyperbolic structures on the 
surface or 3-manifold completely determines the curve. For an orientable surface S of negative Euler 
characteristic, we extend the known result that simple curves have this property to curves with self- 
intersection number one (with one exceptional case on closed surfaces of genus two that we describe 
completely), while for hyperbolizable 3-manifolds, we show that curves freely homotopic to simple curves 
on dM have this property. 
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1 Introduction and statement of results 

Randol [53], building on earlier work of Horowitz [T3] on characters of representations of free groups into 
SL2(C), makes the remarkable observation that on an orientable surface S of negative Euler characteristic, 
there exist pairs of distinct (homotopically non-trivial) closed curves on S having the property that their 
lengths are equal in each hyperbolic structure on S. In fact, for any n > 2, there exist n-tuples of closed 
curves on S with the same property, so that their lengths are equal in each hyperbolic structure on S. 

As Randol notes, earlier work of Abraham 2^^ demonstrates that such tuples of curves do not exist for 
general families of metrics, making the existence of such tuples a phenomenon of constant negative curvature 
metrics. Since Randol's observation, much effort has been undertaken to characterize in some way such 
tuples of curves on a surface; however, such efforts are still incomplete. We refer the interested reader to the 
survey Anderson [3 for a discussion of variants of this question and known results. 

In this note, we take a different tack and consider an obverse question to the characterization question 
described briefly above. Specifically, we develop a condition on a closed curve on a surface or in a 3-manifold 
that implies that the curve cannot belong to one of the tuples described above. That is, we develop a 
condition that implies that the length function associated to a closed curve on the space of all hyperbolic 
structures on the surface or 3-manifold completely determines the curve. 

For a closed orientable surface S of negative Euler characteristic, McShane [23] shows that the length function 
associated to a simple curve C on 5* completely determines C. For the sake of completeness, we present 
the proof of this fact, as well as the proof of the following extension to include curves with self-intersection 
number one. (Full definitions are given in Section [2]) 

Theorem 1.1 Let S be the interior of a compact, orientable surface of negative Euler characteristic. Let C 
be a curve on S with self-intersection number at most one. If C is a curve on S which satisfies ic'ix) = (ci^) 
for all hyperbolic structures x on S , then either C — C or we are in the exceptional case that S is a closed 
surface of genus two with hyperelliptic involution t, C has self-intersection number one, C — t{C) and C 
disjoint from C. 
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The main result of this note is to present the following extension to 3-manifolds admitting hyperbolic metrics. 
(Full definitions are given in Section [S]) 



Theorem 1.2 Let M be a compact, hyperbolizable 3-manifold with non-empty, incompressible, atoroidal 
boundary. Assume that M is not an I-bundle over a surface. Let C be a curve in M freely homotopic to a 
simple curve on dM . If C is a curve in M which satisfies tc'{x) = ici^) for all hyperbolic structures x on 
int(M), then C = C. 

The proof of Theorem 11.11 follows relatively straightforwardly from standard properties of hyperbolic metrics 
on surfaces, including the Collar Lemma and the fact that the length of a non-simple curve on a surface has 
a positive universal lower bound, independent of the surface and the curve, over all hyperbolic structures on 
the surface. 

In Theorem 11.21 we take as our generalization that a curve in a 3-manifold be freely homotopic to a simple 
curve in the boundary of the 3-manifold. We prove a restricted version of the lower bound for such curves 
over all hyperbolic structures on the 3-manifold, where the constant is not universal but rather depends on 
both the 3-manifold and the curve, and is only proven to hold for a restricted class of 3-manifolds. We then 
use topological arguments to handle the general case. 



2 Curves on surfaces 



We begin by stating Horowitz's original result. Recall that a primitive element of a (finitely generated) free 
group F is an element that belongs to a free basis of F. We wish to consider all realizations of as a 
subgroup of SL2(C), so define the representation space 

Tl{F) ^ {p : F ^ SL2(C) | p is a homomorphism}, 

with the natural topology induced by choosing a free basis {/i, . . . , fr} for F and realizing Tl{F) as a subset 
of (SL2(C))'' via the map {p{fi), . . . , p{fr)). 

Each non-trivial element f €z F induces a character, which is the function x[f] ■ ^(^) ^ C given by 

x[/](p)-tr(p(.g)). 

In his original paper, Horowitz [13' proved the following result for (finitely generated) free groups. 

Theorem 2.1 (see Theorem 7.1 and Corollary 7.2 of Horowitz [13]) Let u be an element of a free 
group F. If xW\ — where m and n are integers (allowing either m or n to be 0) and a and b are 

primitive elements of F , then u is conjugate to {a"^b^)^^ . 

The proof of the part of Theorem 12.11 directlv relevant to this note (which is the case that, say, n = 0) is 
by direct calculation. Namely, let a and b be primitive elements in F and let w = a"^^b"^ ■ ■ ■a"^pb"p be any 
word in a and b. Considering representations p : F SL2(C) of the form 

p{a} = (^Q ^-1 ^ and p{b) = ^ ' ""^^ 

We then calculate that 

( P y^aj _ )^ — a.j bj _ u^bj \ 
If — — • —J— • T^^ + lower order terms in powers of T. 
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If there exists a word w' £ F for which x[w'] = x[^]i then in particular we see that xI'^'Kp) = xl'f^Kp) for 
all p as described above. We need only take w = a to reach the desired conclusion. (See Horowitz [13] for 
full details.) 

It is unclear what is the cleanest generalization of Theorem l2.1l to more general words in a finitely generated 
free group F. This is related to the characterization question referred to Section [TJ 

At this point, we shift our focus to lengths of curves rather than characters. Let S be a compact, orientable 
surface of negative Euler characteristic, so that the interior S = int(S) of E admits a hyperbolic structure, 
by which we mean a complete Riemannian metric of curvature —1, possibly of infinite area; where relevant, 
we let Sx denote S equipped with the hyperbolic structure x. 

A non-trivial element c € 7ri(S') is maximal if it is not the proper power of another element of 7ri(S'), or 
equivalently if (c) is a maximal cyclic subgroup of 7ri(S'). (We will abuse notation and normally repress the 
base-point when discussing fundamental groups.) We note that every non-trivial element of 7ri(S') is either 
maximal or a proper power of a maximal element, since elements of the fundamental group of a surface are 
not infinitely divisible. 

A curve C on S is the free homotopy class corresponding to a maximal element c G 7ri(5') = 7ri(S). We work 
throughout with unoriented curves, so that for an element c G tti (S) with its corresponding free homotopy 
class C, we have that C is also the curve corresponding to c^^. Since curves are free homotopy classes of 
elements of 7ri(S'), they naturally correspond to conjugacy classes of maximal cyclic subgroups of 7ri(S'). 

A curve C on 5* is simple if there exists a simple representative in its corresponding free homotopy class, by 
which we mean a non-self-intersecting simple, closed loop. Otherwise, if no such simple representative exists, 
the curve C is non-simple. A curve C on 5 C S is peripheral if C is freely homotopic to a component 9E. 

For a non-simple curve C, the self-intersection number of C is the minimum number of times any represen- 
tative in the free homotopy class C intersects itself. 

Two curves C and C are disjoint if they contain disjoint representatives; otherwise, no such disjoint rep- 
resentatives exists and the curves intersect. Note that a peripheral curve on S is necessarily disjoint from 
every other curve on S. 

A useful property of hyperbolic structures is that for each non-peripheral curve C on S and each hyperbolic 
structure x on S, there exists a unique closed geodesic C* on Sx in the free homotopy class C. The situation 
for peripheral curves is slightly more complicated. Namely, there are two possible types of end for S with a 
given hyperbolic structure x. 

One end is a funnel, so that there exists a simple, closed geodesic bounding an exponentially flaring end of 
Sx homeomorphic to an annulus. Such an end exists if and only if Sx has infinite area. 

The other end is a cusp, so that the end is conformally equivalent to a punctured disc. For a peripheral 
curve C homotopic into a cusp on Sx, there is no closed geodesic in the free homotopy class C; instead, there 
exist a sequence of curves in C whose lengths on Sx go to zero. 

Phrased in terms of geodesies, two non-peripheral curves C'o and Ci on S intersect if and only if their geodesic 
representatives Cq and intersect for some, and hence every, hyperbolic structure on S. 

A Fuchsian group $ is a discrete subgroup of the group Isom^(H^) = PSL2(R) of orientation-preserving 
isometrics of the real hyperbolic plane H^. We now consider the space of marked hyperbolic structures on S. 
To this end, let 'D{tii{S)) be the space of realizations of 7ri(5) as a Fuchsian group, so that 

V{tii{S)) = {p : 7ri(5) -> PSL2(R) | p is faithful and p{t^i{S)) is Fuchsian}. 

Each hyperbolic structure on S arises from a representation in D(7ri(S')), together with the marking map 
7ri(S'), which allows us to distinguish between curves. To each curve C on 5, we associate the function 
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given by setting ic{p) to be the length of the closed geodesic C* on Sp = H^/p(7ri(S')). By the above 
discussion, the function Ic is well-defined. If there is no closed geodesic in the free homotopy class C, in the 
case C is peripheral and honiotopic to a cusp of Sp, or equivalently when p(C) is a parabolic cyclic conjugacy 
class, we set lc{p) — 0. 

We use the following two important results about the behavior of the lengths of curves on hyperbolic surfaces. 
The first, which we will apply mainly to simple curves, is a consequence of the Collar Lemma for hyperbolic 
surfaces. 

Lemma 2.2 (see Corollary 4.1.2 of Buser [Sj) Let S he the interior of a compact, orientable surface of 
negative Euler characteristic. Let C be a simple curve on S and let C be a curve on S that intersects C . 
We then have that 

sinhQ^cW) sinhQ^c'(p)) >1 

for every p G 'D(7ri(5')). 

The second concerns the behavior of non-simple curves. 

Lemma 2.3 (see for instance Hempel |12| ) There exists a constant K > so that if S is the interior 
of a compact, orientable surface of negative Euler characteristic and if C is a non-simple curve on S , then 
£c{p) > K for all p e V{-ki{S)). 

The following result is due to McShane jl^. A proof for closed surfaces can be found as Lemma 6.2 in 
Anderson For the sake of completeness, we outline the general proof here. 

Theorem 2.4 Let S he the interior of a compact, orientable surface of negative Euler characteristic. Let 
C he a simple curve on S. If C is a curve on S that satisfies (cip) = ^C'{p) for all p G X'(7ri(S')), then 
C ^C. 

Proof Since C is simple, there exists a sequence {pn} C X'(7ri(S')) so that lc{pn) 0. One standard way 
of constructing such a sequence is to first find a pants decomposition of S containing C; by a pants decompo- 
sition, we mean a collection P of disjoint, simple curves on S so that the components of the complement of 
(a collection of disjoint representatives for the curves in) P in 5 are homeomorphic to the thrice-punctured 
sphere. A pants decomposition gives rise to the set of Fenchel-Nielsen coordinates on the Teichmiiller space 
of 5* given by the lengths of the geodesic representatives of the curves in P and the twists along which these 
curves are glued together; see Abikoff [1]. The length of C is one of the coordinates and can take any value 
in (0, oo). 

Assume first that C" is non-simple. By Lemma 12.31 there exists a constant > so that ic {p) > K for 
all p G 27(7ri(5')). However, we have assumed that £c{pn) = f-C'iPn) for all n and we have from the previous 
paragraph that ic{Pn) — as n — oo, which is a contradiction. Hence, it must be that C" must be simple. 

Suppose now that C and C intersect, and recall that we have a sequence {pn} C X'(7ri(5)) for which 
^c{Pn) — as n — > OO. By Lemma [2?2l we have that sinh {^ic{Pn)) sinh {^£c'{Pn)) > 1 for all n. Hence, we 
see that sinh {^ic' {Pn)) — > oo as n — )■ oo, and hence that £c'{Pn) ^ oo, again contradicting the assumption 
that iciPn) = ^c'iPn) for all n. 

Hence, we have that either C = C" or that C and C are disjoint. However, if C" is disjoint from C, there 
exists a pants decomposition P' containing both C and C". Using Fenchel-Nielsen coordinates for P' , there 
exists a sequence {p„} C X'(7ri(S')) for which £c{Pn) and £c'{Pn) — > oo. Therefore, we must have that 
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C = C, as desired. 



QED 



We note here that Theorem I 2 . 41 fails if we restrict attention to hyperboHc metrics of finite area on S. Let E be 
any compact, orientable surface with negative Euler characteristic with at least two boundary components, 
let S = int(I]), and let 

Infinite (^1 (5')) = {p e V{T:iiS)) I HVp(7ri(5)) has finite area}. 

Let C and C" be peripheral curves corresponding to distinct boundary components of E, and note that for 
all p € Cfinitc(7i'i ("S*)), we have that p{C') and p{C') are parabolic conjugacy classes corresponding to distinct 
cusps on Sp. In particular, we have that (-c{p) — ^C'ip) = for all p e I?finito(7ri(S')), even though C" ^ C. 

A natural question to ask is the extent to which the condition of simplicity in Theorem 12.41 can be relaxed. 
The difficulty with this question is finding an appropriate condition on curves. A natural notion of complexity 
to use is the self-intersection number of C. 

Theorem 2.5 Let S be the interior of a compact, orientable surface of negative Euler characteristic. Let C 
be a curve on S with self-intersection number one. If C is a curve on S that satisfies £c'{p) = ^cip) for all 
p G 'D{tti{S)), then either C — C or we are in the exceptional case that S is a closed surface of genus two 
with hyperelliptic involution t, C = t(C) and C disjoint from C . 

Proof The proof of Theorem 12.51 uses many of the same basic facts as does the proof of Theorem 12. 4[ 
though the details are significantly different. Again by using Fenchel- Nielsen coordinates and Lemma [2731 as 
in the proof of Theorem 12. 4( we see immediately that C cannot be simple. 

For simplicity, fix a hyperbolic structure po G ^("'1(5')) on S. Let zq be the self-intersection point of C* on 
SpQ. Note that zq naturally divides C* into two geodesic loops a and b with corners at zq, both of which 
begin and end at zq; choose the orientations on a and b so that C* = a ■ b. 

Let X be the smallest subsurface of Sp^ with totally geodesic boundary containing C* , and let Y be the 
closure of Sp„ \ X, so that Y is also a subsurface of Sp^ with totally geodesic boundary. There are two 
possibilities for X, namely either X is a sphere with three holes or AT is a torus with one hole. Before going 
on, we describe how X can sit within Sp^ . 

In the former case of X being a sphere with three holes, the boundary geodesies of X are a*, b* , and 
7 = (a • b~^)* . Here, we have three cases: 

1. each of a*, b* , and 7 separates Sp^, so that Y has three connected components Ya*, Yf and Y^, each 
of positive genus; 

2. y is connected and contains each of a*, b* , and 7 in its boundary, and we can say nothing about the 
genus of Y; 

3. Y has two connected components, both of positive genus, where one component of Y contains two of 
a*, b* , and 7 in its boundary and the other component has the remaining curves as its boundary. The 
three sub-cases depend on which one of a* , b* and 7 is separating. We note that up to relabelling, the 
cases that a* and b* are separating are the same. Hence, we have the two subcases: 

(a) 7 is separating, so that there is a component Y,y oiY across 7 from A, while each of a* and 6* is 
non-separating but their union is separating, so that there is a component Ya* .b* of Y containing 
both a* and b* in its boundary; 

(b) a* is separating, so that there is a component Yq. of Y across a* from A, while each of b* and 7 is 
non-separating but their union is separating, so that there is a component yb*,^ of Y containing 
both b* and 7 in its boundary. 
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In the latter case of X being a torus with a hole, it must be that up to interchanging the labels on a and 
b, the boundary geodesic is a*. We cannot have that the boundary geodesic is (a • b~^)* , as in this case 
a* = b*. Therefore, we have that b and a ■ b~^ are freely homotopic and hence b* = {a ■ b~^)* . In this case, 
the complementary subsurface Y has connected boundary a*. 

In light of the above, we now examine the possibilities for C" in light of how X sits within Spg. We first 
consider the case that C" intersects C but is not entirely contained in X. In this case, we have that C" 
necessarily intersects one of the boundary geodesies of X. Regardless of which one, we can construct a 
sequence {pn} of hyperbolic structures on S taking the length of all curves in dX to 0. The sequence 
{icipn)} remains bounded (and in fact converges to the length of the figure-8 curve on the thrice-punctured 
sphere or the once-punctured torus, depending on whether X is a pair of pants or a torus with a single hole), 
while (c'ifn) — oo by Lemma 12.21 This contradicts our assumption that Icifn) = ic'ifn) for all n. 

The second case is that C is contained in X. Note that any hyperbolic structure on X with totally 
geodesic boundary can be extended (non-uniquely) to a hyperbolic structure on 5, so that restricting over 
all hyperbolic structures on S yields all hyperbolic structures on X without cusps. So, we restrict our 
attention to consider only hyperbolic structures on X. Note that the fundamental group of X (based at zg 
for the sake of convenience) is the free group F of rank two, and that C is a primitive element in F. Hence, 
we may use the same argument as used to prove Theorem 12. ll to see that C = C. 

Specifically, consider a representation poi F = t^i{X, zq) — (a, b) into SL2(R). (It is well-known that discrete, 
faithful representations p : F ^ PSL2(R) can be lifted to discrete, faithful representations p : F SL2(R), 
and so it suffices to consider only the latter.) If we can show that we can conjugate p to have the form as 
in Equation ([ij, then we can vary A and /i among real numbers and reach the desired conclusion, given the 
connected between traces of representations and the lengths of the corresponding geodesies. To see that we 
can so conjugate p, let Xa and ya be the fixed points of p{a), and let Xb and yt be the fixed points of p{b). 

The fixed points of ^ ^ ) °° ^^'^ \-^-\ ^^"^ fixed points of ^ ^ ^p.^^ ) ^ ^""^^ — ' 

We need only see that we can find T so that the cross-ratios [xa,ya',Xb,yb] and [oo, j^r^^^; 0, y — ] are 
equal. Direct calculation (in the generic case that all of Xi, ya, Xb, and yb are finite) shows that we need 
only that T satisfies 

T2 = (A-1 - A)(/i - ~ yb)(^b ~ ya) 

Xa - ya){xb - yb) 

which completes this case. 

The final case we consider is that C is contained in the interior of a connected component of Y. The 
exceptional case is that Y is connected and has genus 0, in which case X is necessarily a sphere with three 
holes. In all other cases, there exists a simple curve E in Y which intersects C"; the existence of such a 
curve follows directly by considering all possible pants decompositions on S containing a*, 5*, and 7 and 
recalling that all components of Y have positive genus. Let {p„} be a sequence of hyperbolic structures on 
S for which the lengths of a*, &*, and 7 are unchanged and f^siPn) 0. Since the lengths of a*, &*, and 
7 are unchanged, the restriction of the hyperbolic structure pn to X remains unchanged as rt — > cxd and in 
particular we have that tc{Pn) is constant. Since E crosses C" and (siPn) 0, we see by Lemma [2.21 that 
(■C'[Pn) 00, contradicting our initial assumption that ic{p) — ^c'{p) for all hyperbolic structures p on S. 

The exceptional case is that Y is connected and has genus 0, so that S* is a closed, orientable surface of 
genus two. In this case, let t be the hyperelliptic involution on S, for which the quotient S/t has genus 
and the covering map S S/t is branched over six points, which necessarily lie on the curves in dX. 
Note that r interchanges X and Y. In particular, we have that r(C) is disjoint from C. Moreover, since the 
hyperelliptic involution is an isometry for all hyperbolic structures on S, we see that C and t(C) have the 
same length for all hyperbolic structures on S. Taking C — t{C) yields a curve C for which £c{p) = ^C'(p) 
for all hyperbolic structures p on S. 

To complete the consideration of the exceptional case and with it the proof of Theorem 12.51 let C" is any 
curve in Y for which ic'ip) = ^cip) for all hyperbolic structures p on S. Applying the hyperbolic involution 
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again, we see that t(C") is a curve contained entirely in X for which £c{p) — ^cip) = ^t(C'){p) for all 
hyperbolic structures on S. By the argument earlier in this proof, we see that t(C") — C, and hence that 
C' = r(C). QED 



Theorem 11.11 follows immediately from Theorem 12.41 and Theorem 12.51 



3 3-dimensional preliminaries 

The purpose of this Section is to present the background material on 3-manifolds and Kleinian groups that we 
will need in future Sections. Standard references for this material are Hempel [11) for 3-manifold topology in 
general, and Maskit [T7], Kapovich [TB], and Matsuzaki and Taniguchi (THj for Kleinian groups and hyperbolic 
3-manifolds. Given these references, we do not always provide references to the original sources. 

3.1 3-manifold topology 

A compact, orientable 3-manifold M is irreducible if every embedded 2-sphere in M bounds a ball in M. 
We note that if AI is irreducible and has non-empty boundary, then every boundary component has positive 
genus. 

Let M be a compact, orientable, irreducible 3-manifold. An orientable, embedded surface S C M is properly 
embedded if 5 n dM — dS. A properly embedded surface {S,dS) C {M,dM) is incompressible if 7ri(S') is 
infinite and the inclusion S ^ M induces an injective map on fundamental groups. A properly embedded 
surface 5" C M is essential if S is incompressible and not homotopic into dM . 

Similarly, a component S of dM is incompressible if the inclusion S ^ M induces an injective map on 
fundamental groups. A union 5 = 5'i U • • • U 5„ of incompressible components of dM is an-annular if there 
does not exist an essential annulus A in M with both components of dA contained in S. Say that M is 
acylindrical if the whole of dM is incompressible and an-annular. 

A compact, orientable, irreducible 3-manifold M is atoroidal if every incompressible torus in M is homotopic 
into dM. A compact, orientable, irreducible 3-manifold AI has atoroidal boundary if every component of 
dM has genus at least 2. 

A 3-submanifold AI of an irreducible 3-manifold is incompressible if M is irreducible and the inclusion 
M ^ N induces an injective map on fundamental groups. 

3.2 Kleinian groups 

A Kleinian group F is a discrete subgroup of the group Isom+(H3) = PSL2(C) of orientation -preserving 
isometrics of the real hyperbolic 3-space H'^. The action of F on H'' extends to an action by conformal 
homeomorphisms (Mdbius transformations) on the Ricmann sphere C, which is the boundary at infinity 
of H'^. The domain of discontinuity f2(F) of F is the largest open subset of C on which F acts properly 
discontinuously. The limit set A(F) is the complement of f2(F) in C, or equivalently, the closure of the set of 
fixed points of infinite order elements of F. We assume that all Kleinian groups in this paper are torsion-free. 

The convex hull hull(F) of F is the smallest non-empty convex subset of H"^ which is invariant under F. 
Equivalently, the convex hull is the smallest convex subset of H"^ containing all of the hyperbolic lines in 
H"^ both of whose cndpoints at infinity lie in A(F). The quotient of the convex hull is the convex core 
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core(r) = hull(r)/r of the hyperbolic S-manifold H^/F, which is the smallest convex submanifold of H'^/F 
whose inclusion induces a homotopy equivalence. 

A Kleinian group F is geometrically finite if some, and hence every, er-neighbhorhood of core(F) has finite 
volume, and is convex co-compact if its convex core is compact. Equivalently, F is convex co-compact if and 
only if either, and hence both, of its associated 3-manifolds (H'^ U r2(F))/F and core(r) are compact. In this 
case, we can see that core(F) is naturally homeomorphic to (H"^ U il(F))/F. 

3.3 Hyperbolic structures on 3-manifolds and deformation theory of Kleinian 
groups 

A compact, orientable 3- manifold M is hyperbolizable if there exists a (necessarily finitely generated) Kleinian 
group F so that int(M) = H'^/F. We refer to F as a Kleinian group uniformizing M . In general, if F is a 
geometrically finite Kleinian group uniformizing M, then ri(F)/F is naturally identified with a subset of DM 
which is the complement of a finite collection of annuli in dM and all the torus components of dM . 

A hyperbolizable 3-manifold is necessarily orientable, irreducible, and atoroidal. We can say slightly more. 
For a hyperbolizable 3-manifold M, every maximal Z © Z subgroup of ■ni{M) corresponds to a torus com- 
ponent of dM . By this we mean that if F is a Kleinian group uniformizing M and if G is a maximal Z © Z 
subgroup of F, then all non-trivial elements of Q are parabolic and there exists a (necessarily incompressible) 
torus component T of dM so that 8 = 7ri(r) (up to conjugacy). 

A finitely generated (torsion-free) group G has naturally associated to it the (possibly empty) space I?(G) 
of all realizations of G as a Kleinian group, that is 

V{G) ^ {p:G ^ PSL2(C) | p is faithful and p{G) is a Kleinian group}. 

The natural topology on 2?(G) comes from choosing a generating set {gi, . . . , f/p} for G and realizing I?(G) 
as a subset of (PSL2(C))p via the map p M- {p{gi), ■ ■ ■ , p{gp))', this topology is independent of the choice of 
generating set. Let 

CC{G) = {p : G PSL2(C) | p{G) is convex co-compact.} 

It is a fundamental result of J0rgensen |15| that in the case that G is the fundamental group of a compact, 
hyperbolizable 3-manifold with non-empty, incompressible boundary, the space 'D{G) is non-empty and closed 
in the natural topology. 

Note that PSL2(C) acts naturally on 2?(G) by conjugation, yielding the quotient AII(G) = 2?(G)/PSL2(C). 
We will abuse notation and, where it is clear in context, blur the distinction between convergence of represen- 
tations in 2?(G) and classes of representations in AH(G). The connection between convergence of sequences 
in these two spaces is that a sequence {[pn]} C AII(G) converges to [p] G AH(G) if and only if there exists 
a convergent sequence {ft.„} C PSL2(C) so that {hnPuh^^} converges to p in 2?(G). 

We have the following consequence of Mostow-Prasad rigidity. Let M be a closed, hyperbolizable 3-manifold. 
Then the hyperbolic structure on M is unique; that is, AH(7ri(M)) consists of a single point. In the case 
that dM is non-empty, we consider hyperbolic structures on the interior int(M) of M. Similar to the case 
of closed 3-manifolds, suppose that M is a compact, hyperbolizable 3-manifold with dM the union of tori. 
Then we have again that AH(7ri(M)) consists of a single point, so that again the hyperbolic structure on 
int(Af) is unique. 

For the remainder of this note, we make the standing assumption that M is a compact, hyperbolizable 3- 
nianifold with non-empty, incompressible, atoroidal boundary, so that every component of dM has genus at 
least two, or equivalently, so that 7ri(M) contains no Z © Z subgroup. It is possible to extend the results of 
this note to compact, hyperbolizable 3-manifolds with incompressible boundary, whose boundaries contain 
tori; however, considering such manifolds introduce resolvable but unpleasant complications similar in nature 
to the complications discussed in the remark following the proof of Theorem 12 .41 for surfaces. 
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For such M, we have the fohowing description of the structure of CC{tti{M)) and V{tti{M)); see the Intro- 
duction of Canary and McCullough [9] for a more detailed discussion. The space CC{tti{M)) consists of a 
finite collection of disjoint open subsets of 2?(7ri(M)) parametrized by equivalence classes of pairs {Mq, /q), 
where Mq is a compact, hyperbolizable 3-manifold and /o : M Mq is a homotopy equivalence, with 
the relation that (Mq, fo) ~ (Mi,/i) if there exists a homeomorphsm g : Mq Mi with /i ~ 5 o /o- It 
follows from work of Ahlfors, Bers, Kra, Maskit, Sullivan and Thurston that CC{tti{M)) is the interior of 
2?(7ri(M)). It follows from the resolution of the Bers-Thurston Density Conjecture by Brock, Canary and 
Minsky f? , which in turn follows from their resolution of Thurston's Ending Lamination Conjecture that 
CC{7ri{M))^V{Tri{M)). 

In particular, given M as in the previous paragraph, there is a unique distinguished component CCo{'Ki(M)) 
of CC{tti{M)) so that for each p e CCo{tti{M)), there is a homeomorphism f : M ~> core(p(7ri (Af))) 
satisfying p = f^. That is, the representations in CCo{'Ki{M)) are exactly those that give rise to quotient 
hyperbolic 3-manifolds naturally homeomorphic to int(M). 

In the case that M is acylindrical, we say much more. First, we have that CC{tti{M)) = CCo{tti{M)); this 
follows immediately from the result of Johannson 14 that a homotopy equivalence between acylindrical 3- 
manifolds is homotopic to a homeomorphism. Second, we have the following case of a fundamental theorem 
of Thurston. 

Theorem 3.1 (Thurston [26j) Let AI be a compact, hyperbolizable, acylindrical 3-manifold with non- 
empty, incompressible, atoroidal boundary. Then AH(7ri(M)) is compact. 

We have an alternate description of the representations in the distinguished component CCo{'Ki{M)) of 
CC(7ri(M)). Given M, let F be a convex co-compact Kleinian group so that H^/F is homeomorphic to 
int(Af). Without loss of generality, assume that F = po{Tri{M)) for some po G CCo{tti{M)). We can find all 
other representations in CCq (7ri(Af)) by conjugating F by quasiconformal homeomorphisms of C equivariant 
with respect to the action of F; see for instance Section 3.3 of Matsuzaki and Taniguchi [19j. Rephrased, for 
any p S CCo{Tri{M)), there exists a quasiconformal homeomorphism w : C — ;> C so that ^(7) = ujpo{'-f)ijj^^ . 

We will have occasion to make use of the restriction of the realization of a finitely generated group C? as a 
Kleinian group to a finitely generated subgroup H oi G. Specifically, we need the following Lemma, which 
follows immediately from the description of the representations in CCo (G) given above in terms of quasicon- 
formal deformations, together with Thurston's result that finitely generated subgroups of geometrically finite 
Kleinian groups with non-empty domain of discontinuity are themselves geometrically finite; see Thurston 

m- 

Lemma 3.2 Let N be a compact, hyperbolizable S-manifold with non-empty, incompressible, atoroidal bound- 
ary and let M a N be an incompressible S-submanifold with incompressible boundary. If p & CCq{'Ki{N)), 
then the restriction of p to 7ri(Af) C 'Ki{N) yields an element p G CCo(7ri(A'f)). 

3.4 Curves in hyperbolizable 3-manifolds 

Let M be a compact, hyperbolizable 3-manifold with non-empty, incompressible, atoroidal boundary, and 
let c G 7ri(Af) be a non-trivial element. We mimic the definitions relating to and the basic properties of 
curves as given for surfaces in Section [2j 

The non-trivial element c G 7ri(Af) is maximal if it is not the proper power of another element of 7ri(Af), 
or equivalently if (c) is a maximal cyclic subgroup of 7ri(Af). As with surfaces, every non-trivial element of 
7ri(Af) is either maximal or a proper power of a maximal element, since elements of the fundamental group 
of a hyperbolizable 3-manifold are not infinitely divisible. 
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A curve C in M is the free homotopy class corresponding to a maximal element c £ ni{M). We work 
throughout with unoriented curves, so that for an element c G 7ri(M) with its corresponding free homotopy 
class C, we have that C is also the curve corresponding to c^^. Since curves are free homotopy classes of 
elements of 7ri(M), each curve naturally corresponds to a conjugacy class of maximal cyclic subgroups of 

The relationship of curves in a compact, hyperbolizable 3-manifold M to the boundary dM of M is more 
complicated than the corresponding relationship for surfaces. Let C be a curve in M. The basic distinction 
is whether a curve C is or is not freely homotopic to a curve on dM; even here, complications arise, because 
even in the case that C is freely homotopic to a curve on dAl, it may be that C may be freely homotopic onto 
more than one component of dM , or C may be freely homotopic to distinct curves in the same component 
of dM . Moreover, we have the distinction of whether C is freely homotopic to a simple or non-simple curve 
on dM. 

Note that for a curve C in M, if C is homotopic to distinct simple curves in the same component of dM, 
the curves in dAI must be disjoint. 

One additional subtlety is that there exist compact, hyperbolizable 3-manifolds M and curves C in such M 
so that C is not itself freely homotopic onto dM at all, but some proper power of C is freely homotopic to 
a simple curve on dM . However, we will not consider such curves in this note. 

Given a compact, hyperbolizable 3-manifold M with non-empty, incompressible, atoroidal boundary, let 
p G CCo{tti{M)), so that mt{M) is homeomorphic to H.'^ / p{'!Ti{M)). Because we have assumed that M 
has atoroidal boundary, tti{M) has no Z Z subgroups, and so p{'!Ti{M)) has no parabolic elements. In 
particular, each curve C in M is freely homotopic to a closed geodesic C* in / p{tti{M)). There is a natural 
correspondence between maximal cyclic subgroups of 7ri(M), or equivalently curves in M, on the one hand 
and closed geodesies in H^/p(7ri(M)) for some, and hence for every, hyperbolic structure p e CCo{tti{M)) 
on the other hand. 

Unlike the case of hyperbolic surfaces, there is no way to associate adjectives such as simple to a curve C 
in M, as the simplicity in H.^ / p{7ri{M)) of C* depends sensitively on the hyperbolic structure induced by 
p. In fact, by the discussion above of the structure of CC{tti{M)), the relationship of a curve C in M to 
the boundary of M is also problematic, as the topological type of the hyperbolic 3-manifold varies over the 
components of CC{tti{M)). We resolve these issues by starting with the 3-manifold M and restricting our 
attention to the (convex co-compact) hyperbolic structures on int(Af), which are precisely the elements of 
CCoiMM)). 

Each curve C in M has associated to it a map £c ■ CCo{tti{AI)) C given by setting £c{p) to be the (real) 
length of the associated closed geodesic C* in the hyperbolic 3-manifold / p{tti{AI)). 

We make use of the following result, which is an immediate consequence of results from Sections 2 and 3 of 
Maskit [18] , expressed in the language above. 

Proposition 3.3 Let M be a compact, hyperbolizable 3-manifold with non-empty, incompressible, atoroidal 
boundary and let C be a curve in M freely homotopic to a simple curve on dM. There exists a sequence 
{pn} C CCo(7ri(M)) so that iciPn) ^0 as n oo. 

Maskit's proof proceeds by constructing a sequence of quasiconformal deformations of dM for which the 
length of C on dM goes to 0. These deformations necessarily give rise to a sequence {pn} C CCo{M) for 
which the length of Pn{C) on dAI goes to 0. We note here that the main focus of Maskit's work is to then 
establish the convergence of this sequence, which requires additional hypotheses on AI] however, we do not 
need here the convergence of the sequence, and so Maskit's construction suffices to yield the desired sequence. 

In fact, Maskit's argument is but one variant of an observation that follows immediately from the iden- 
tification of CCo(7ri(M)) with the Teichmiiller space T{dA{) of (marked) hyperbolic structures on dM. 
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Given a curve C in M homotopic to a simple curve (again called C) on dM, choose a sequence {pn} C 
T{dM) so that the length of Pn{C) — > 0, where here we are using the natural hyperbolic length on 
dM = ri(p„(7ri(M)))/p(7ri(M)). The existence of such a sequence follows immediately from the simplicity of 
C on dM and arguments similar to those given in the previous Section. We now use McMullen's formulation 
(see Proposition 6.4 and Corollary 6.5 of McMuUen [52]) of Bers' inequality, which states that geodesies on 
il{p„{TTi{M))) / pn{TTi{M)) which are short in the hyperbolic 3-manifold H^/p„(7ri(M)), and so correspond 
to elements of p„(7ri(Af)) that are nearly parabolic. In particular, we have that £c{Pn) 0. (Implicit in 
this latter argument is the use of the assumptions that dM is incompressible and that we are working with 
convex co-compact representations to imply that the restrictions of the p„ to the fundamental groups of the 
components of dM yield quasifuchsian groups.) 



4 Topological joinery 

In this Section, we present the basic topological constructions that underlie the arguments we use to prove 
Theorem 11.21 The main result that underlies the discussion in this Section is Thurston's geometrization 
theorem for Haken 3-manifolds. 

Theorem 4.1 A compact, orientable, irreducible, atoroidal 5-manifold with non-empty boundary is hyper- 
bolizable. 

With Theorem l4.1l in hand, we begin with the general discussion of the constructions we consider. Let Mi and 
M2 be compact, hyperbolizable 3-manifolds, so that in particular both Mi and M2 are orientable, irreducible 
and atoroidal. Assume that there exist components 5*1 C dMi and S2 C dM2 satisfying genus(5'i) = 
genus(S'2) > 2. Suppose that Si is incompressible in Mi and that ^2 is incompressible and an-annular in 
M2. We allow the possibility that the dMk contain components beyond the Sk for both k = 1 and fc = 2. 

Let / : 5i ^> 5*2 be any (orientation-reversing) homeomorphism. We form a new compact, orientable 3- 
manifold N by gluing Mi and M2 along 5*1 and ^2 using /; that is, we take the disjoint union of Mi and 
M2 and then form N by identifying x ^ Si with f(x) G S2 inside this disjoint union. Inside N, there is a 
distinguished surface, namely the image 5 of 5*2 = f{Si)- For ease notation, we write N — Mi U/ M2. 

Alternatively, we can consider the case where Si and S2 are components the boundary of a single 3-manifold 
M, all satisfying the same hypotheses as the Mk above. In this case, we glue Si to S2 via / to obtain a 
3-manifold N — MUf. As we will not use this case of the general construction to any significant extent, we 
present the proofs for the case above, noting that the same arguments apply in this case as well. 

The main question we consider in this Section is to determine conditions on Mi and M2 , and on Si and 5*2 , 
under which N is hyperbolizable and under which N is acylindrical. We will develop some finer constructions 
as well. 

We first note the straightforward fact that N is irreducible, which follows directly from the incompressibility 
of the Sk in Mk by a standard innermost disc argument; we give a sketch of the proof here. Let E be an 
embedded 2-sphere in iV. Isotope S so that SflS* is the finite union of disjoint, simple, closed loops. Let 7 be 
an innermost one of these loops on E, meaning that one of the components of S — 7 contains no component 
of S n 5. Note that 7 bounds a closed disc D in S, namely the closure in E of the component of E — 7 which 
contains no loop in E n 5. Since the interior of D is disjoint from S, we have that D is contained in Mk for 
either k — 1 or k — 2. Since Sk is incompressible in Mk by assumption, we see that dD is a homotopically 
trivial loop in Mk- So, we can isotope D into Sk and thereby get rid of 7. Repeating this argument for each 
loop in E n 5 in turn, working outward from innermost loops, we can isotope E into either Mi or M2. Since 
both Mk are irreducible, we see that E necessarily bounds a 3-ball in Mk and hence in N. 

We next note the equally straightforward fact that N is atoroidal, which follows from the incompressibility 
of Si in Ml and the incompressibility and an-annularity of S2 in M2 ; again, we provide a sketch of the proof. 
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Let T be an incompressible torus in N , and isotope T so that S* n T is the finite union of disjoint, simple, 
closed loops. Again performing an innermost disc argument, we can isotope away all the loops in 5 n T 
which bound a disc in T, and thus we can assume that all the loops in S" n T are homotopically non-trivial 
loops on both S and T. Since both S and T are embedded surfaces in N , the loops in 5* n T are parallel on 
T . Moreover, since S separates N , there must be an even number of loops in S' n T. 

If n r is empty, then T is contained in Mk for either k — 1 01 k — 2, and thus by the atoroidality of the 
Mfe, we have that T is then homotopic in Mu into dMk- Since dN = {dMi \ {Si}) U {dM2 \ {6*2}) and since 
neither Sk is a torus, we then have that T is homotopic in N into dN . 

It remains only to consider the case that S r\T is non-empty. Consider the closure A of a component of 
T\{S r\T} contained in A/2. Since the loops in S* n T are homotopically non-trivial on T, we see that A 
is an annulus. Since T is incompressible in N , the boundary loops of A are homotopically non-trivial loops 
in 9M2, and so A is an incompressible annulus in M2. Since S2 is an-anular in M2, we can homotope A 
into 9M2, and hence into Mi. Doing this for every other component of T \ {5 n T} starting from A, we can 
homotope all of T into Mi. Since A/i is atoroidal, we can homotope T into a toroidal component of dMi, 
which is also a toroidal component of dN. 

Hence, we have shown the following. 

Theorem 4.2 Let Mi and M2 be compact, hyperbolizable i-manifolds with non-empty, incompressible, 
atoroidal boundary. Assume that there exist components Sk of Mk so that genus(5i) = genus(52) > 2 
and so that S2 is an-annular in M2. Let f : Si ^ S2 be any (orientation-reversing) homeomorphism. The 
3-manifold N = Mi U/ M2 is a compact, hyperbolizable 3-manifold with incompressible, atoroidal boundary, 
and each of Mk is an incompressible 3-submanifold of N . 

We note the possibility that dM^ = Sk for either = 1 or A; = 2, or both, and hence that N may be a closed 
3-manifold. However, this case will not occur in the arguments we make below. 

We are now in the position of being able to develop the machinery of topological joinery we will use in the 
following Sections. We begin by noting the existence of the basic pieces we will use in our constructions. 

Theorem 4.3 (Section 3 of Fujii [10]) For each a >2, there exists a compact, hyperbolizable, acylindri- 
cal 3-manifold Ma for which dMa is a closed, orientable surface of genus a. 

In fact, Fujii shows that for each cr > 2, there are infinitely many such 3-manifolds. 

The following Lemma can be viewed as describing how to cap off components of the boundary of a compact, 
hyperbolizable 3-manifold without introducing essential annuli. 

Lemma 4.4 Let M be a compact, hyperbolizable 3-manifold with non-empty, incompressible, atoroidal 
boundary, and let S be a component of DM . Let P be a compact, hyperbolizable, acylindrical 3-manifold 
with non-empty, incompressible, atoroidal boundary and let B be a component of dP satisfying genus(i3) = 
genus(S'). Let f : S ^ B be any orientation-reversing homeomorphism, and let Q — M U f P . Then Q is 
a compact, hyperbolizable 3-manifold with incompressible, atoroidal boundary, and there does not exist an 
essential annulus joining a component of dM \ {S*} to a component of dP \ {i?}. 

Proof The exists of P follows immediately from Theorem 14.31 By Theorem 14.21 we see that Q is hyper- 
bolizable, and that dQ = [dM \ {S}) U {dP \ {B}) is necessarily incompressible and atoroidal. It remains 
only to consider possible essential annuli in Q. We use an argument similar to the argument given above 
showing that the 3-manifolds produced as in Theorem 14.21 are atoroidal. 
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So, suppose that there exists an essential annulus A in Q with dA = oq U ai, where oq C dM \ {S} and 
ai C dP \ {B}. Homotop A in Q so that A intersects the incompressible surface B = f{S) in a collection of 
disjoint, simple, homotopically non-trivial closed loops. Since A is incompressible, these loops are non-trivial 
on B. Taking the loop closest to ai along A then yields an essential annulus in P, contrary to the assumption 
that P is acylindrical. QED 



We note that the constructed 3-manifold Q may still contain essential annuli joining components of dM\{S} 
to one another, although all such annuli must be contained entirely in M . 

We next show that there exist 3-manifolds M with a single essential annulus, where we have control over 
how the boundary components of this annulus intersect dM. We do this in two steps, one for the case of a 
separating annulus and one for a non-separating annulus. 

Recall that up to homeomorphism, a curve C on a closed, orientable surface S is determined either by the 
property of being non-separating (as all simple, non-separating curves are equivalent up to homeomorphisms 
of the surface) or by the genera of the components of S'\ {C} (as two simple, separating curves are equivalent 
up to homeomorphism of the surface if and only if the genera of their complements are equal). 

Lemma 4.5 Given cr > 2, there exists a compact, hyperbolizable 5-manifold M with non-empty, incompress- 
ible, atoroidal boundary so that dM — SiU S2 with genus(S'i) = a, there exists an essential annulus A C M 
with one boundary component in Si and one boundary component in S2, the boundary component in Si is 
non-separating, and every essential annulus in M is homotopic to A. 

Proof By Theorem 14. 3[ there exists a compact, hyperbolizable, acylindrical 3-manifold P so that dP 
consists of a single incompressible surface S of genus a -\- 1. Let a and 6 be disjoint, simple, closed loops 
on S so that each of a and b is separating and so that 5 \ {a U 6} consists of three surfaces, two of genus 1 
with a single boundary component and one of genus a — 1 with two boundary components. Let A and B be 
embedded annular neighborhoods of a and 6, respectively, with dA ~ {ao,ai} and dB — {foo,&i}. Choose 
the labels so that oq and 69 bound the surface of genus cr — 1 with two boundary components. 

Let / : j4 — > i? be a (orientation-reversing) homeomorphism so that /(oq) = 60 a-nd j(ai) ~ 61. The manifold 
M = PUf that results from P by gluing A to B via / is then a compact, orientable 3-manifold with dM 
consisting of two surfaces, one of genus two and one of genus tr, and M contains an essential annulus which 
is the image oi A = f{B) under the gluing. 

By construction, this essential annulus A C M has one boundary component in each component of dM , and 
the boundary component of A in the component of dM having genus a is non-separating. 

The same argument as given above shows that M is irreducible and atoroidal, hence hyperbolizable. It 
remains only to show that M contains only the single essential annulus A. However, this follows directly 
from the assumption that P is acylindrical, along with the same style of argument given several times already. 
QED 



Lemma 4.6 Given a > 2 and 1 < k < a, there exists a compact, hyperbolizable Z-manifold M with non- 
empty, incompressible, atoroidal boundary so that dM = S'iUS'2 with genus(S'i) — a, there exists an essential 
annulus A C M with one boundary component in Si and one boundary component in S2, the genera of the 
components of Si \ dA are k and a — k, and every essential annulus in M is homotopic to A. 

Proof By Theorem 14.31 there exist compact, orientable, acylindrical 3-manifolds Mi and M2 so that dMk 
consists of a single incompressible surface Sk of genus a. Let Uk be a simple, closed loop on Sk so that the 
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two components of Sk \ {a-k} have genera k and a — k, and let Ak be an annular neighborhood of a^. Label 
the boundary components of Ak as bk and Ck, where bk bounds the component of 5*^ \ {ak} of genus k. 

Let / : yli — >■ A2 be a (orientation-reversing) homeomorphism satisfying f(bi) = ci and ^{b-i) = c\. The 
manifold M — M\ U / M2 that results from M\ and Mi by gluing A\ to A2 via / is then a compact, orientable 
3-manifold with dM consisting of two surfaces, both of genus cr, so that M contains an essential annulus 
which is the image ai A = f{B) under the gluing. 

By construction, this essential annulus has one boundary component in each component of DM and both 
components of dA decompose their respective boundary components into two subsurfaces of genera k and 
a — k. 

The same argument as given above shows that M is irreducible and atoroidal, hence hyperbolizable. It 
remains only to show that M contains only the single essential annulus A. However, this follows directly 
from the assumption that Mi and M2 are acylindrical, along with the same style of argument given several 
times already. QED 



We note here that the proof of the uniqueness of the essential annulus in both Lemmas 14.51 and 14.61 can 
also be shown either as an immediate consequence of the characteristic submanifold theory of Jaco-Shalen 
and Johannson (see Canary and McCullough [S] for a discussion of the characteristic submanifold theory 
as it specifically relates to hyperbolizable 3-manifolds) or by considering the relationship between essential 
annuli and intersections of subgroups stabilizing components of the domain of discontinuity of a Kleinian 
group uniformizing M. For the characteristic submanifold theory argument, the essential point is that the 
base 3-manifolds for these two constructions are assumed to be acylindrical. Therefore, the characteristic 
submanifold of the glued manifold in both cases is the solid torus which results from thickening the annulus 
along which the gluing is done, and all essential annuli in M are homotopic into this solid torus. 

We are now ready to bring these Lemmas together to show that we can isolate any curve in M homotopic to 
a simple curve on dAl from all other curves in M by embedding M into a larger hyperbolizable 3-manifold 
N. 

Proposition 4.7 Let M be a compact, hyperbolizable 3-manifold with non-empty, incompressible, atoroidal 
boundary and let C be a curve in M freely homotopic to a simple curve in dM . Assume that M is not an 
I-bundle over a surface. There exists a compact, hyperbolizable, acylindrical S-manifold N with non-empty, 
incompressible, atoroidal boundary so that N contains M as an incompressible i- submanifold, the curve C 
is freely homotopic to a unique simple curve on ON , and if C ^ C is any other curve in M , then C is not 
freely homotopic into dN . 

Proof Write dM = 5i U • • • U 5'„ and recall that by assumption, each Sk satisfies genus(5fc) is at least two. 
By relabelling if necessary, let Si be a component of dM into which C is freely homotopic; if C is freely 
homotopic into more than one component of dM, then choose one to be 5*1. 

By Theorem 14.31 there exist compact, hyperbolizable, acylindrical 3-manifolds M2, ■ ■ ■ , M„ with connected, 
incompressible boundary so that genus(5'fc) = gemis{dMk). Apply Lemma n — 1 times to construct a 
compact, hyperbolizable 3-manifold P so that dP = Si is incompressible in P. Note that C is still freely 
homotopic into dP. 

Even accepting the possibility that C may be freely homotopic to multiple curves on dP, we know that 
should this occur, these curves in Si are disjoint. (We also know that there cannot exist two essentially 
different homotopies of C to the same curve on dM, as this would give rise to an essential torus in M that 
cannot exist.) So, as above, choose one. We now apply either Lemma 14.61 or Lemma 14.51 as appropriate to 
construct a compact, hyperbolizable, acylindrical 3-manifold N so that C is freely homotopic to a unique 
curve in dN but no other curve in M is homotopic into dN. 
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As in the proof of Theorem 14. 2[ the incompressibility of dM implies that M is an incompressible 3- 
submanifold of N. To see that N is acyhndrical, assume otherwise. The boundary curves of any essential 
annulus in N are disjoint curves in dN. However, by the uniqueness of the essential annulus in the last stage 
of the construction of N immediately implies that no such essential annulus can exist. 

It remains only to show that if C' is any other curve in M with C' ^ C, then C" is not homotopic into dN. 
Given how TV was constructed, this means we need only show that C" is not homotopic into dN = Si. If C 
is not homtopic into dM, then clearly C is not homotopic into dN. So, we can assume that C" is homotopic 
into Si. However, by assumption, we have that C" ^ C. So, the uniqueness of the essential annulus in the 
last stage of the construction of N again immediately implies that C" cannot be homotopic into dN, and we 
are done. QED 



5 Proof of Theorem 11.21 

The purpose of this Section is to complete the proof of Theorem 11.21 The key technical Lemma in this 
Section is a direct consequence of Theorem 13.11 

Lemma 5.1 Let M be a compact, hyperbolizable, acyhndrical 3-manifold with non-empty, incompressible, 
atoroidal boundary, and let C be a curve in M. If C is not homotopic to a .simple curve in dM, there exists 
a constant K = k^M, C) > so that £cip) > K for all p G CC{-ki(M)). 

Proof We prove the Lemma by contradiction. Assume that no such constant k{M, C) exists, so that 
there exists a sequence {pn} C CC{'Ki{M)) for which £c{Pn) as n — cxd. By Theorem 13.11 we see (by 
extracting the convergent subsequence using Theorem 13. II and lifting back to P(7ri(M))) that the sequence 
{pn} has a subsequence, again denoted {pn}, so that {pn} converges to p € I?(7ri(M)). Since ic{Pn) — > 0, 
standard deformation theory arguments using J0rgensen's inequality (see J0rgensen |15l) imply that p(C) 
cannot be trivial and hence we see that p{C') must be parabolic. 

We need the following definition. Let F be a torsion-free Kleinian group and let <& C F be a maximal, purely 
parabolic subgroup. There then exists a horoball associated to $, which is an open Euclidean ball i7$ C H"^ 
invariant under the action of <&, so that dH^ intersects the Riemann sphere C in a single point which is 
the common fixed point of all of the non-trivial elements of $. As a standard consequence of the Margulis 
Lemma, there exists a collection H of disjoint horoballs invariant under the action of F so that there exists a 
horoball associated to each maximal, purely parabolic subgroup of F and each horoball is associated to such 
a subgroup. In general, the quotient TVr = (H'^ \ UneuH) jV is then a 3-manifold with boundary, where the 
boundary is a collection of open annuli and/or tori. 

For the group p{'Ki{M)), the assumption that M has atoroidal boundary implies that tti{M) contains 
no Z © Z subgroups, and so the boundary components of Np(^T^^(^M)) are open annuli corresponding to 
the conjugacy classes of maximal parabolic subgroups of p{tti{M)). By McCullough [2^, there exists a 
compact, hyperbolizable 3-submanifold P C -/Vp(7ri(M)) so that the inclusion of P into Npi^T^^i^M)) is a homotopy 
equivalence and each component of dNp(^T^^(^M)) intersects dP in a single incompressible annulus. In particular, 
we see immediately that P must be acyhndrical and have non-empty, incompressible, atoroidal boundary. 

By construction, p{C) is peripheral in A^p(Ti-i(7\/)) and hence in P, and in particularly C is freely homotopic 
to a simple curve on dP; the simplicity follows immediately from the assumption that C is maximal. 

Since M and P are compact, irreducible 3-manifolds with isomorphic fundamental groups, they are homotopy 
equivalent. Since M is acyhndrical, we can apply the result of Johannson [T^ to see that M and P are in 
fact homeomorphic, and so C is freely homotopic to a simple curve in dM. This contradiction completes 
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the proof of the Lemma. 



QED 



We are now ready to prove Theorem 11.21 

Proof [of Theorem 11.2] We are given a compact, hyperbohzable 3-manifold M with non-empty, incom- 
pressible, atoroidal boundary and a curve C in M freely homotopic to a simple curve on dM . Let C be a 
curve in M satisfying C" ^ C. 

By Lemma 14.71 there exists a compact, hyperbohzable, acylindrical 3-manifold N with non-empty, incom- 
pressible, atoroidal boundary so that N contains M as an incompressible 3-submanifold, so that C is freely 
homotopic to a simple curve on dN , and so that C" is not freely homotopic into dN . 

By Proposition I3.3[ there exists a sequence {p„} C CC{t:i{N)) so that £c{Pn) — as n ^> oo. However, 
by Proposition 15. 1[ we have that there exists a constant K — k{N,C) > so that ic'{Pn) > K for all n. 
Restricting to tti{M), we then have a sequence {pn} C CCo(7ri(M)) so that £c{Pn) — )• as n ^ oo and 
^C'(Pn) > K for all n. This contradicts the assumption that £cip) = ^C'ip) for all p G CC(7ri(M)). QED 



We close by noting that the case that M is an /-bundle over a surface follows directly from the discussion 
in Section [2] 
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